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Abstract

Mathematical foundations of the OLAP
models are formulated and discussed.
Rich combinatorial aspects of the multi-
dimensional space are being heavily ex-
ploited to achieve completeness and ex-
pressability. The main new results are:
1) a rigorously defined closed operator al-
gebra with a true multidimensional ap-
proach; 2) consistent treatment of struc-
tured metadata, 3) complete considera-
tion of navigational, computational, par-
tial and scoped attributes; 4) resolution
of computational dependencies; 5) inde-
pendence of relational models; 6) non-grid
models. Comparison to other published
models is performed.

1 Introduction

This note deals with the mathematical foun-
dations of multidimensional database models
(MDM). Various flavors of MDM have been ini-
tially used in the OLAP (on-line analytic process-
ing) applications without extensive and rigorous
mathematical foundation.

After the applications appeared, a number of
models have been suggested for the OLAP domain
as an extension of the relational algebra. The
common feature of the majority of these models is
that they essentially map multidimensional data
structures onto relational and apply operators of
the relational algebra. Although this approach
is certainly justifiable, it is not clear why multi-
dimensional models should be used at all when
there is relational model out there. It should be

noted that the primary advantage of the MDM
approach is the reduction of the number of de-
scriptive parameters from a product of values to
their sum. Close interaction and connection with
the relational database model (RDM) is often nec-
essary because of the number of applications but
is not required for MDM to exist. Besides that,
the expense of conversion back and forth between
the models is fairly high for the implementations.

A good introduction into the concepts and
problem scope of OLAP applications is [MK99].
Codd ([C93], [CCS93]) has formulated a set of
rules for OLAP and introduced the term itself.
Several other publications need to be mentioned
here.

The paper [PJ99] contains an overview of a
number of models by other researchers ([AGS95],
[GBLP97], [LW96], [GL96], [K96], [DT97],
[RS90], [L98]) from the perspective of require-
ments of a particular application domain. The
authors come up with a set of particular require-
ments, conclude that none of the above men-
tioned models satisfies them and propose their
own model.

It should be noted that there is no compelling
reason to apply MDM for a particular problem
unless it helps to solve it efficiently. It is applica-
ble when the data has specific multidimensional
nature. Sometimes the RDM is more efficient,
and often the problem requires heterogeneous ap-
proach combining both MDM and RDM. It can
also be argued that given any set of requirements
it is always possible to come up with additional
requirements (in fact this naturally happens as
the application domain deepens over time) so that
the existing models would need to be extended.
In this note we start with some basic extensi-
ble model and gradually add layers to it to cover



wider functionality. The endpoint is the OLAP
model. The accent is being made on the multidi-
mensional nature of the data and the best ways
to analyze it.

Several OLAP vendors have developed quite so-
phisticated products with interesting underlying
models but their overview is beyond the scope of
this note.

The instances of the MDM are traditionally
called cubes and are thought of as n—dimensional
objects. Omne of the features of our approach
is that we systematically exploit the rich com-
binatorial aspects of the multidimensional space,
something often overlooked by other published re-
search, where the authors consider in a cube either
slices corresponding to members of one dimension,
or individual cells, i.e. sets of either codimension
1 or codimension n, dropping all the intermediate
cases from consideration.

Another problem that model designers are try-
ing to solve is that selection operator in a multi-
dimensional cube may produce a set of cells that
does not have a cube shape. In order to keep
the operator algebra closed, either selection is
dropped from consideration, or completion of the
set to a cube is suggested resulting in extra un-
wanted cells, or everything is considered as a set
of cells which is essentially the same as the RDM.
Here, a different approach is suggested which al-
lows to keep the maximal possible dimensional-
ity in the model with a rich set of operators and
to have a closed algebra. We also briefly exam-
ine computational dependencies which arise in the
process of analysis of data.

Those of the existing models that deal with
structured metadata combine together naviga-
tional and computational properties of the at-
tributes. In our approach, we distinguish at-
tributes by these properties which provides ad-
ditional expressive power.

The questions of design of multidimensional
models for particular problems and various nor-
mal forms of multidimensional databases are out
of the scope of this note and are subject of a forth-
coming investigation.

The paper is organized as follows. In section 2,
we introduce the basic model (multidimensional
data set) and discuss its relational representa-
tions. In section 3, we develop some notation and
explore multidimensional grids. Section 4 defines
a set of operators on the cubes. In section 5 we

gradually extend the basic model to cover struc-
tured metadata and computational dependencies.
Appendix briefly discusses non-grid models.

2 Multidimensional data sets

A model is understood as a way to describe data
and issue queries against it. The key issue is the
definition of what a query actually is, in other
words, the definition of the model’s data struc-
ture set (space). The model then defines a set of
operators (algebra) on this space to answer any
query against the data. It is preferable that the
set of operators be closed, i.e. their results be-
long to the same space. The model itself does not
describe how to store the data.

In this note, we use layered approach to mod-
eling, i.e. we start with a minimal set of features
needed to define a particular set of operators. Ad-
ditional features are introduced when they are
necessary to define new operators, and we ver-
ify that the previously introduced operators are
well defined in the extended model. This allows
to keep the exposition simple.

As a starting point, we describe a multidimen-
sional data set (MDS). We represent the data
by means of a multidimensional grid (N-grid) @
which is a Cartesian product of a finite number NV
of certain finite discrete sets D; called dimensions:

N
Q= ®Di.
=1

The elements of a dimension are called members.
The sets D; and their members are usually re-
ferred to as metadata. Fixing a member m; in
each of the dimensions D; uniquely defines a cell
¢ in the grid. We call the tuple (my,...my) coor-
dinates of ¢ and write ¢; = m; to signify that the
i-th coordinate of the cell ¢ is m;. The order of
dimensions and the order of members within each
dimension are usually fixed. To each cell one can
associate a data value of some type. In general,
type may be defined on a per cell basis, but that
would somewhat contradict the multidimensional
paradigm. Therefore in most implementations,
types are defined by means of members of one of
the dimensions, called Measures. The data type
for each cell is then determined by its Measures
coordinate. The Measures dimension corresponds
more closely to the relational metadata because



relational metadata determines data types. How-
ever, the Measures dimension does not have to be
present in the grid explicitly. In particular, all the
data types may be the same, and there is a mea-
sure implicitly associated with the grid. Another
way to express this is to always add a Measures
dimension to the grid, even if it consists of one
single member. Except for type definitions, the
Measures dimension has the same properties as
all the other dimensions. In certain cases, more
than one measures dimension is required, i.e. the
cell’s data type is a function of several of its co-
ordinates.

A cell may contain a value of the associated
type or be empty (in which case we say it has
NULL value). The cells may also be ordered by
means of any space filling curve. So, there is
dimension ordering within a grid, cell ordering
within a grid and member ordering within a di-
mension.

A multidimensional data set (MDS) M is a pair
(Q, V) where @ is an N-grid (with associated data
types) and V is a mapping which assigns values
to cells, i.e.

V(C) = V(Cl, ceey CN)

is the value associated with the cell ¢. For a
MDS M we will sometimes write Q@ = Q(M)
to distinguish between the “empty” grid (meta-
data) and the MDS itself in case confusion is
possible. An instance of a MDS is traditionally
called a “cube” although it only marginally resem-
bles the well known geometric body. The cube’s
grid is also called its scheme. A multidimensional
database consists of a collection of cubes. The
database scheme includes the cubes’ schemes and
relationships between their dimensions and mem-
bers. The way metadata elements are identified
is irrelevant for our purposes, so for simplicity,
in this note we assume that members, dimen-
sions and cubes within the database scheme are
uniquely identified by their names.

In the terminology of [PJ99], MDS is a kind of
a “simple cube model”.

2.1 Cubes and relational tables

Note the differences and similarities between
the two-dimensional MDS and a relational ta-
ble. Both are visualized as 2-dimensional objects.
In the two-dimensional MDS, both dimensions

have equal properties (except that one may de-
fine types) whereas in a relational table rows and
columns are not interchangeable. In a table, given
the metadata, one can keep as many records as
desired, therefore it possesses one degree of free-
dom. In a MDS, the metadata fully determines
the number of cells and hence limits the amount
of data in the database. This difference reflects
the usage of the two models (or, rather, the us-
age reflects the difference). Relational databases
are usually used to store raw data whereas the
multidimensional databases deal with clean orga-
nized data and are more suitable for certain data
analysis. It is usually more appropriate for a data
warehouse to organize its data multidimensionally
(if the data has multidimensional nature).

Once all data in a relational table is complete
and fixed, part of it can be transformed into meta-
data to form a cube. The major advantage is a
significant reduction of the number of parameters
(keys): to describe each individual data value, in-
stead of the product of the dimension sizes used
in the RDM, only a sum of the sizes is needed in
MDM.

Certainly, any cube can be also represented by
a relational table. As mentioned above, the type
of data associated with every particular cell in
a cube can be determined individually for each
cell. But in that case we are losing the advan-
tages of the parameter reduction. So assume
that we use the Measures dimension to define
types. In the latter case the data in an N-
dimensional cube with a Measures dimension of
size M can be represented by a relational table
with N — 1 + M columns where N — 1 columns
(“metadata” columns) correspond to the N — 1
non-measure dimensions, and the remaining M
columns (“data” columns, or “measure” columns)
correspond to the measures. The table is called a
fact table (FT).

Since the metadata columns form a key, they
may be replaced by a single Key column contain-
ing integer keys.

Such a fact table realizes a 2-dimensional repre-
sentation of a cube and is called its 2-dimensional
fact table representation (FTR-2).

One could further coalesce the columns corre-
sponding to same types. If all the types are the
same (and hence either any dimension may be
considered measure dimension or there is an im-
plicit measure associated with the whole cube) we



Measures dimension

Dimensional data
Dim1l Dim?2 Dim3 Mem41
Memll Mem21 Mem31 345.28
Memll Mem21 Mem32 351.16

Mem42 Mem43 Mem44 Mem4d5
true 389.17 203.67 2/28/99
false <> < > 1/1/00

Figure 1: A fact table (FT-2)

obtain a table with N 4+ 1 columns, N of which
correspond to metadata and one corresponds to
data (measure). Again, metadata columns may
be replaced by a single Key column. This kind
of a fact table realizes a 1-dimensional represen-
tation of a cube (FTR-1). Such representation
is possible with varying data types as well, if we
wrap all types into a data object wrapper.

If data types are determined on a per cell ba-
sis, only a 1-dimensional representation is possible
(either “long” or “wide”).

It is easy to see that a fact table reflecting an
MDM is not an arbitrary table since it needs to
have a group of metadata attributes and a group
of measure attributes. The immediate restriction
of the relational algebra to the fact tables is not
closed (union, difference and selection preserve
the fact table structure whereas certain projec-
tions and Cartesian products break it) and may
be not very useful. That is where multidimen-
sional models enter the game.

3 Exploring a multidimensional data
set

When defining operators on multidimensional
data sets, we need to start with the definition of a
query. In order to be able to apply further queries
to the result of a query, we need a query to return
another multidimensional data set. So our query
is a mapping from a MDS to another MDS.
Prior to defining operators on MDS cubes, we
explore grids more closely in this section.

3.1 Multiindices, subgrids,
and homogeneity

projections

We first develop some notation. In what follows
it will be convenient to use the notion of a multi-
index. Let & be the set {1...N}. Any subset of &
is called a multiindex.

Let I = {iy...ix } be a multiindex. For given sets
A;,i = i1...i;, denote by A’ the Cartesian product

AT =R A,

il

so that in particular Q = DS.

Given a multiindex I = {i;...ix}, for a cell ¢
with coordinates (mj...my), we write ¢; for the
set (m“mzk)

A subset of the grid Q which is a grid itself
is called a subgrid of (). We characterize such
subsets below.

The operator of dimensional projection m; acts
on a subset X of the grid ) by returning the mem-
bers of the dimension D; present in the coordi-
nates of the cells of X:

m(X)={meD; | JeeX, ¢ =m}
In particular, m;(Q) = D;.

For a multiindex I, the general projection op-

erator 7y is defined as
(X)) ={me D! |

dee X, cr=m}

and the composite projection operator w! is de-

fined as
(X)) = ®7ri(X).
i€l

Note, that the composite projection of any set
contains its general projection, but not necessarily
coincides with it. In particular, for any subset
X of Q, m3(X) = X, but 75(X) = X if and
only if X is a subgrid of Q. The operator 7% is
also called grid completion. For a given subset
X C @Q, it returns the minimal (circumscribed)
grid G containing X.

Similar notational conventions are
used throughout the paper: I as a superscript is
used to signify a product of some sets whereas [
as a subscript refers to some subset of a product.

We say that a subset X C @ is homogeneous
with respect to index i (or dimension D;) if it has
product structure

X = mi(X) Q) ma4(X).



Diml Dim2 Dim3 Dim4 Data
Meml1l | Mem21 | Mem31 | Mem41 | 345.28
Memll | Mem21 | Mem31 | Mem42 | true
Memll | Mem21 | Mem31 | Mem43 | 389.17
Mem1l11l | Mem21 | Mem31 | Mem44 | 203.67
Meml1l | Mem21 | Mem31 | Mem45 | 12/31/99

Figure 2: A fact table (FT-1)
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a) A subgrid

b) Sets with and without product structure

LD
¢) A set with hdim=1

Figure 3: Homogeneity illustrated

The total number of dimensions with respect to
which X has product structure is called its homo-
geneous dimensionality and is denoted hdim(X).

From the definition of the homogeneous dimen-
sionality one easily derives the following

Proposition 3.1 A subset X C Q is a subgrid
of Q if and only if hdim(X) = N. Otherwise 0 <
hdim(X) <N —2.

We say that a subset X C @ is homogeneous
with respect to a multiindex [ if it has product
structure

X = 7m1(X) @) 71 (X).

The set on the figure 3.c) is homogeneous with
respect to multiindex Is = {3} and with respect
to multiindex 12 = {1, 2} where indices 1, 2 and
3 correspond to cube’s width, height and depth
respectively.

We say that a subset X C @Q is composite ho-
mogeneous with respect to a multiindex [ if it has
product structure

X =n'(X) @ 7w\ 1(X).

The set on the figure 3.c) is composite homoge-
neous only with respect to multiindex Is.

If X is composite homogeneous with respect to
a multiindex I, then it is also homogeneous with
respect to I, but the converse is not necessarily
true.

From the definition of hdim(X) it follows that
there exists a (structural) multiindex I = I(X)
of length & = hdim(X) such that X is composite
homogeneous with respect to I(X). For the set on
the picture I3 is the structural multiindex.

From the above definitions one easily derives
the following

Proposition 3.2 The set of all multiindices for
which a subset X C @ is composite homogeneous
is partially ordered by inclusion (or by length) and
the structural multiindex 1(X) is the unique maz-
imal element in it, i.e. it contains all the other
multiindices with this property.

If a subset X C @ is homogeneous with re-
spect to a multiindex I, its completion may be
represented as the product of the grid completion
of 77(X) and the grid completion of 7\ 7(X) :

1 (X) RV (X).

If X is composite homogeneous, it is enough to
take the grid completion only of the second factor.

Note that determining hdim and the structural
multiindex of a set without any additional infor-
mation about this set is an expensive operation.

When dealing with non-homogeneous subsets
of the grid, we are still interested in maintaining
a multidimensional view of them. This interest
is motivated by the goal of maintaining the num-
ber of descriptive parameters as low as possible



(otherwise FTR-1 or FTR-2 would be an obvious
choice). In particular, we may be interested in
considering the non-homogeneous subsets as ho-
mogeneous ones of lower dimensionality.

3.2 Restructuring and composite dimen-
sions

Let X be a subset of a grid @ with hdim(X) < N.
Then X is not a subgrid of the initial grid ). Nev-
ertheless it is possible to consider X as a subgrid
of another grid @', obtained by restructuring of
Q. To define the required restructuring, consider
the following construction.

Let I be some multiindex, such that I C I(X),
let N’ be its length (so that N’ < hdim (X)), and
let I' = &\ I. Make the (N — N’)-dimensional
set D! into one composite (virtual) dimension D'
whose members are all possible (N — N')-tuples
of elements of the dimensions that make up DY
The projection of X onto D!, m;(X), becomes
this way a subset X’ of D’. The set Q' = D' ® D!
becomes a (N’ + 1)-grid. It consists of the same
number of cells as the original grid ) and is called
the restructuring of Q. The set X" = X' @ D!
consists of the same cells as X, and from the prop-
erties of the structural multiindex formulated in
the previous section it follows that X” now be-
comes a subgrid of Q'. One says that the set X is
embeddable as a subgrid into @’. The multiindex
I’ is called the embedding map, or the composite
dimension map. In order to define the restructur-
ing completely, one also needs to specify a way to
order the members in the composite dimension.
We discuss this in more detail later on.

From the description of the restructuring by
means of composite dimensions, it is easy to de-
rive the following

Proposition 3.3 Let X be a subset of an N-grid
Q) which is not a subgrid itself. Then the mazximal
dimensionality of a grid into which X is embed-
dable as a subgrid (using a composite dimension)
is equal to hdim(X) 4+ 1. The composite dimen-
sion is formed from the combinations of members
of those dimensions with respect to which X is not
homogeneous, and the map of the embedding is the
complement of the structural multiindex I(X).

The representation of X as a grid of maximal
dimensionality is called its best homogeneous rep-

resentation and is denoted H(X).

is a grid if and only if X = H(X).
We now continue studying certain transforma-

tions of the grid that result in its restructuring.

Obviously X

3.3 Dicing and reshuffling

The dicing operator 6 acts on a grid by changing
the order of dimensions. Obviously, the number
of cells and the dimensionality of the grid is not
changed. A dicing may be encoded by specify-
ing a multiindex, I C < and its permutation I’
and is denoted 07 ;. If I = &, we omit the first
multiindex and write simply O

Another family of operators that preserves the
number of cells and the dimensionality of the grid
may be defined as follows. A dimensional reshuf-
fling 7; (w) is an operator that changes the or-
der of members in the dimension D; by means of
a member reordering transformation w. Given a
multiindex I, a general reshuffling operator 7;(w)
changes the order of cells within D!. A superpo-
sition of several dimensional reshufflings induces
a composite cell reshuffling 7!, but not every gen-
eral reshuffling may be obtained in this manner.

3.4 Slicing, composite dimension maps
and reordering transformations

The situation in which we had to create a compos-
ite dimension is a typical example of slicing. By
that we mean combining two or more of the cube
dimensions into one or more composite dimen-
sions without changing the number of cells. We
have already mentioned that the fact table FT-1
is essentially a set of pairs key-value and hence
can be regarded as a one-dimensional grid. In or-
der to consider it indeed as a one-dimensional grid
we need to create a composite dimension in which
we place all the combinations of the metadata col-
umn values in a certain order. It is this order
that matters in the definition of slicing. The sim-
plest possibility is the dimensional slicing (with
induced ordering) \;; which maps the N-grid onto
an (N —1)-grid by creating a composite dimension
D' out of the member pairs from D; Q D; ordered
first by their i-th coordinate and then by their j-
th coordinate. Denote by I;; the multiindex {ij}.
We write
Aij = M wij)

where the composite dimension map vy,; is the
mapping that defines which dimensions are trans-



a) A non-grid subset of a cube

b) Its best homogeneous representation

Figure 4: “Deflation” of a cube subset

formed into a composite dimension (D'ii — D');
this composite dimension is combined with the
rest of the dimensions (which is essentially a dic-
ing), and the reordering transformation w;; is the
induced ordering in D’. Note that \j; # A;; be-
cause of different ordering. Any other ordering
w (for instance, Z-ordering) in the grid D; Q D;
produces a different slice operator A(vp,;,w).
More generally, given a multiindex I = {i;...i4}, a
multiindex J = {ji...jm}, m < k, and an ordering
w in the composite m-grid D’ obtained from DI,
one constructs a slice operator A(vy,j,w) which
maps the N-grid onto an M-grid (M = N—k+m)
obtained by making D! into D’ with ordering w
and producing the product

Q =05\ 15,07 (D)@ D,

so that D' = D7(Q'). Note that all the grids of
the same dimensionality obtained by slicing are
equivalent up to a metadata remapping.

Dimensional slicing is similar to the
GROUPBY clause in SQL.

By applying dimensional slicing subsequently
(e.g., AM2A23...AN—1,n) We eventually arrive at a
one- or two-dimensional grid which is essentially
equivalent to the fact table if we ignore the or-
dering. Normally, presentation of the data to the
user on a two-dimensional computer screen or pa-
per requires some sort of slicing.

Slicing reduces the dimensionality of the set
(“deflates” the set) to which it is applied but the
advantage is that non-grid subsets can still be con-
sidered as grids of maximal possible dimension-
ality (homogeneous representations), keeping the
number of metadata parameters small.

3.5 Inflations and other shapings

As mentioned above, any slicing “deflates” the
set, i.e. decreases the number of its dimen-
sions while leaving the number of cells unchanged.

Since the reordering transformation is a one-to-
one mapping, given a map of composite dimen-
sions, it is always possible to “inflate” the set and
increase the number of dimensions. We can use
similar notation p(vr 7, w) for an inflation, except
that in this case the length m of J is larger than
the length &k of I. Obviously,

Avr,g,w) = [p(vy,w)) ™

Inflations, slicing, dicing and reshuffling belong
to the set of shaping operators that do not change
the number of cells in a grid but change its shape.
It is easy to see that any shaping operator may be
expressed as a combination of these (if we allow
a composite dimension to coincide with an actual
dimension, then reshuffling becomes a particular
case of slicing).

To summarize, there are several reasons why
shapings are helpful:

e shapings can be used to make a subset of a
grid into a subgrid of lower dimensionality
(keep product structure);

e shapings allow presentation of data on a 2-
dimensional computer screen or paper;

e shapings produce FTR-1 and FTR-2.

3.6 Products, quotients and common con-
text

Let I be a multiindex of length % and let m € D!,
Consider the subgrid Q' = m® DS\ of the initial
grid Q as a (N — k)-grid. The latter grid is called
the section of @ via m and is denoted Q[m|. Note
that number of cells in Q[m] and Q' =m ® Q[m]
is the same.

Let Q be an N-grid and let Q' be a k—grid. The
product of these grids is the (N + k)-grid Q ® @Q'.
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a) Initial grid b) Example of dimensional slicing

c¢) Example of general slicing

Figure 5: Slicing illustrated

The definition of the product assumes that the
grids @ and @’ have no common dimensions. If
some of their dimensions are composite, it is as-
sumed that the composite dimension maps have
no common components either.

Given two grids, Q1 and Q2, define the inter-
section multiindezr I, (Q2) as the maximal mul-
tiindex {i...ix} such that dimensions D;, of Q1
appear also in Q2 (i.e. either D;; is a dimension
of () or is present in a composite dimension map
of Q2).

Define the quotient of two grids Q and Q' by
projecting out those dimensions in ) which oc-
cur in @'. More precisely, the quotient Q/Q’ is
the best homogeneous representation of the set
obtained by projection of Q onto D¥\e(@) .

Q/Q" = H(ms\ 1,01 (Q))-

In particular, Q/{m} = Q[m], (Q® @)/Q' = Q
and Q/Q = 0.

Given any two grids ()1 and )2, we sometimes
need to embed them into some (“circumscribed”)
N'—grid as N’'—subgrids. If two cubes have the
same set of dimensions, we say that they are
within common context.

Here is a procedure to bring two cubes within
common context. If there are no composite di-
mensions, the dimensionality N’ of their common
context is N/ = dim(Q1)+dim(Q2) —k, where k is
the length of the intersection multiindex. There
are numerous ways to bring each of the two grids
to dimensionality N’ if their dimensionality is dif-
ferent. For instance, in order to embed 1, choose
an element m € @2/Q1 and form the product

I =m® Q1. Any other subset X C (Q2/Q1) of
the quotient may be used as well. The mapping
that embeds @7 into its common circumscribed
grid with Q2 by taking Q7 = X ®Q), is denoted
KX,Qz-

If composite dimensions are present and their
maps do not coincide, the procedure requires

additional steps after Q) and @ are formed.
Namely, deflation must be applied to obtain iden-
tical composite dimension maps. The dimension-
ality of the common context is then less than N'.

4 Operators on a cube

In the previous section we defined operators on
metadata. In this section we introduce operators
on a cube.

4.1 Restrictions and selections

Consider a grid () with dimensions D;.

For a given index ¢ and a subset A; C D;, the
dimensional restriction operator p4, forms a sub-
set of @ by replacing D; with A; in the Cartesian
product: .

pa(Q) = A;® DOV,

As it follows from the definition, the set pa,(Q) is

a grid.

More generally, for a given multiindex I and a
subset A7 C D!, one might want to define the gen-
eral restriction operator pa, as forming a subset
of ) in a similar way:

pa(Q)=Ar® DSM1,

However the set A7 ® DS\ is not necessarily a
grid. More precisely, it is a grid if and only if A; =
A” in which case pa, is a composite restriction,
i.e. a superposition of py,,i € I (it is clear that
the dimensional restrictions commute with each
other). In order for general restriction to result
in a grid, we define it as

pa(Q) = H(Ar ® DV).

!The domain of the restriction operator can be naturally
extended to include arbitrary (not necessarily grid) subsets
X of Q by setting

pa(X)={ceX | cre€Ar}



Here H is the best homogeneous representation
introduced in the previous section. If the set A;
consists of a single element m, then the restriction
is obviously a grid:

Pim}(Q) = m @ Q[m].

Restriction operators also apply to the cubes as
restrictions on their grids. We do not distinguish
between operators on the cubes and operators on
the grid in this section unless there is a potential
for confusion.

Similar to projection in the relational algebra,
restriction is defined in terms of metadata. Note
that we deviate slightly from the relational alge-
bra terminology by calling the just defined op-
eration “restriction”. The term “projection” is
reserved for metadata projections in the context
of the MDM.

Note that each restriction is defined in terms of
some set A; equivalently it is possible to say that
a restriction is based on a predicate on metadata.

Another operator, selection, denoted by op,
chooses a subset X of the grid based on a pred-
icate P on data values and then takes its best
homogeneous representation. It is clear that se-
lection actually results in a (data-driven) general
restriction. The property of X being a subgrid
may depend on the data but may also be deter-
mined by properties of the predicate P.

For the purpose of providing examples to il-
lustrate certain notions, we define a sample cube
consisting of four dimensions:

Dl (Z{Timeﬂ) — { (dYea,r,”, Z(Ql 7}; (lQQ}}} “Qz?;

((Q4 77} “Jan”; {(Feb”; {(Ma,r,”} {(Apr”} “May”7
[(Jun 77} ({Jul”} {(Aug”’ {{Sep 77} ((OCt”; “NOU”,
“Dec )7} ,

Dy (“Locations”) = {“Regions”, “East”,

“North”, “West”, “South”, “NY*“ “NJ“ “MN¥
“CA”, “OR”, “TX”, “New York”, “San Fran-
cisco”, “Los Angeles”, “My favorite locations”},

D3 (“Products”) = { “All Products”, “Soda”,
“Beer”, “Diet”, “Coke”, “Sprite”, “Pepsi”, “Diet
Pepsi”, “Diet Coke”, “Budweiser”, “Heineken”,
“Guinness”},

Dy (“Measures”) = { “Sales”, “Units”, “Ex-
penses”, “Profit”, “Profit%”, “Tax”}.

Consider a simple example regarding this sam-
ple cube. Suppose the user wants to restrict his
view of the data by the months and locations

in which the value of Sales of Coke is greater
than 600. By the “value of Sales” we mean
the data value (meant to be a number in this
case) associated with cells ¢, whose Measures co-
ordinate is Sales. From the formulation of the
query it is clear that the cells of interest must
be picked from the section Q[Coke, Sales|. Nei-
ther the Location nor the Time is specified. So
the resulting subset (let us call it “Outstand-
ing sales”) is defined as “Outstanding sales” =
X ® Products ® Measures, where X = {(t,1) €
Time ® Locations | V (t,1,Coke, Sales) > 600}.

Examining the values, we find that pairs {Aug,
New York}, {Jun, Los Angeles}, {Jul, Los An-
geles}, {Aug, Los Angeles}, {Sep, Los Angeles}
qualify for X. One easily sees that hdim(X) = 0,
so it does not have the product structure, hence
hdim(“Outstanding sales”) = 2 and therefore it is
not a subgrid.

In order to make “Outstanding sales” into a
cube we create a composite dimension D’ (call
it something like “Time & Location”) and asso-
ciate X with a subset of D’. The multiindex
I = {Time, Location} is the map of D’.

On the other hand, if the user asks for the
subset of data for which the values of Sales
of Coke is < 300, we obtain “Poor sales” =
{Jan,Dec} ® {New York,Los Angeles} ®
Products ® Measures which is clearly a subgrid.

Obviously, the property of the result being a
subgrid in our example depends on the data dis-
tribution. However for the type of predicate just
examined, we can conclude that hdim of the result
is never less than 2 regardless of data. One can
associate with every predicate the minimal value
of hdim over its possible results and call it the
predicate’s dimensionality.

As an example of a predicate P that has di-
mensionality N = dim(Q), consider a query like
“Restrict to those Products for which the value of
Sales is greater than 600 in at least some Loca-
tion at some Time”, i.e. “Popular products” =
Time ® Tproducts(X) ® Locations ® Measures.
where X = {(t,l,p) € Time ® Locations ®
Products | V(t,1,p, Sales) > 600}.

It is easy to see that for the mentioned pred-
icate we always obtain a subgrid as a result re-
gardless of the data values. Hence it has dimen-
sionality 4.

Note that the metadata for this selection is ob-



Sales, Coke Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec
New York 300 | 350 | 350 | 400 | 450 | 500 | 600 | 650 | 600 | 450 | 350 | 300
San Francisco | 370 | 550 | 400 | 400 | 400 | 500 | 450 | 550 | 450 | 500 | 400 | 350
Los Angeles 300 | 450 | 500 | 500 | 600 | 650 | 700 | 750 | 700 | 600 | 500 | 300

Figure 6: Sample data for sales of coke

tained by first selecting the set X, then projecting
X onto the Products dimension, and finally pro-
ducing the product. However we cannot represent
the whole selection operator as a composition of
three operators because otherwise after the first
selection we would have lost the values of those
cells which have not been selected.

4.2 Joins and other binary operators

Restrictions and selections are unary operators,
operating on a single cube. We now define a bi-
nary operator join. In order to formulate the def-
inition, we first introduce an auxiliary operator,
called product, which marginally resembles the re-
lational Cartesian product. This operator simply
adds one or more dimensions to the cube’s grid
by taking a product with some other grid. Recall
that the number of cells in Q[m| and Q[m|® m is
the same, which poses no problem regarding the
values associated to those cells. If products are
formed of grids which have more than one cell,
the way to assign values should be specified.

Let C = (Q,V) be an N—cube, let Q" be a
k—grid and let f = {f.,c € Q'}, be a family of
functions on values parametrized by cells of @/
(allocation functions). The product C ® (@', f) is
defined as the (N + k)-cube C' = (Q @ @', V)
where

V' = froen(V(mg(C)).

In other words, we take the product of the two
grids and assign to the cells values obtained by
applying the appropriate allocation function from
the family f to the values from the original cube.
If each f, is the identity mapping f.(v) = v, then
the values in C” are simply replicated from C for
every member combination in @’. In the latter
case we omit f in the notation and write simply
CqQ.

As before, the definition assumes that the grids
Q and @' have no common dimensions, counting
the dimensions in the composite dimension maps
as well.
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Recall that bringing two grids to the same di-
mensionality (embedding into their common cir-
cumscribed grid) by means of the mappings kx
requires a product operation. If k is defined on
cubes, a family of functions f is also involved. So
for cubes we denote the operator as kx .. .

We now define a family of join operators that
operate on a pair of cubes. They all assume the
same basic algorithm.

First, two cubes C; and Cs have to be brought
within common context, i.e. both need to be em-
bedded into a single cube as subsets. This is done
by means of the mappings kx,¢,. Assume for now
that the grids ;1 and (> are already within com-
mon context.

Next, given a predicate 0 relating a pair of
values v; and vy and a function ¢ defined on
v1 and ve and returning another value, define
the Op-join of C; and Cy as follows. Let Q'
= Q1 UQ2,Q" = Q1N Q. Select a subset Q"
of those cells in Q" for which the value of 6 on
the values v; and vy corresponding to Cy and Cs
is true and associate with every such cell the value
©(v1,v2). The join is defined as the set

Q — H((Ql \ Q//) U Q”’)-

Thus, the result of a 8p—join of two cubes is an-
other cube.
The function

U1 if Vi 75 NULL,
(p(?)l, 7)2) = V2 if V] = NULL, A\ 75 NULL,
NULL otherwise.

is called the standard joining function.

If ¢ is the standard joining function, we write
“f—join” instead of “Op—join”. A particular case
of a 6—join is the natural join for which the pred-
icate is just 0 = (v1 = v2), or 0 = (v1 = va A vy #
NULL).

It follows that € defines the metadata for the
fp—join by performing a selection involving two
cubes and ¢ defines the data.



If Q1 N Q2 = 0, then the result of a #—join is
the union of the two cubes. If a cube has been
split across one of its dimensions into two sub-
cubes, then their join restores the original cube.
Note that in the relational case, the 6—join ba-
sically operates in a similar way, the difference
being that the way to embed two relational ta-
bles into a single table is the Cartesian product
of the tables which is different from the MDM
product. In the case of MDM, due to rich com-
binatorial possibilities, there are many ways to
bring two grids within common context (which
we parameterize by sets X and function families
f). Certainly, if the two participating cubes have
been previously deflated from subsets of the same
grid, there is an option of inflating them back,
using the maps of composite dimensions and the
reordering transformations. Otherwise we need to
create composite dimensions.

As already mentioned, in order to determine
the circumscribed grid, a possible strategy is to
inflate both grids to (possibly non-grid) subsets of
a grid with no composite dimensions, perform the
join operations there and deflate the result. An-
other possibility is to perform deflation of both
grids to grids which would have identical maps
of composite dimensions, perform join operations
there and inflate the result if possible. It is easy
to see that both strategies lead to the same result
since the underlying selection is cell based, and
the number and contents of cells never change.
The second approach seems to be preferable from
the implementation point of view, because find-
ing out whether a composite dimension can be
inflated is normally less expensive an operation
than finding out how to deflate a general set a
cells. Of course, to be eflicient, deflation should
be performed using homogeneous representations
(with maximal possible dimensionality). The re-
lational approach is the other extreme consisting
in deflating everything to the minimal possible
number of dimensions (fact tables), and further
inflation becomes as expensive as in the first ap-
proach.

The operators of binary restriction and binary
selection make selection or restriction based on
the relative position of two cubes. They let one
form sets like Q1 N Q2, or Q1 \ Q2. etc?.

The main difference between the relational join

2An alternative option is to include these operators as
part of the join definition algorithm. This way it is possible
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and the join of two cubes within the same context
in MDM is that in the latter case metadata com-
pletely determines the cells, and hence there is no
need to search for matching values to concatenate
the records.

4.3 A summary of the multidimensional
data set model

The multidimensional data set (“simple cube”)
model defined above is the basis of the MDM. It
allows to define such operators as restriction, se-
lection, product, join, various shapings. The re-
sult of any such operation is another cube of pos-
sibly different dimensionality. Hence the algebra
of these operators is closed.

By adding “layers” to the multidimensional
data set, we will gradually extend the model’s
properties.

5 Attributes, hierarchies and other
metadata features

In this section, we define additional metadata-
based features which allow to extend the mul-
tidimensional data set (MDS) model to a more
sophisticated model with a richer operator alge-
bra. This next model is called the extended multi-
dimensional data set (EMDS) and reflects struc-
tured metadata. EMDS is gradually constructed
by adding several layers to the MDS. For sim-
plicity of naming, we call the extended models
EMDS-1, EMDS-2, etc.

The term attribute will be used in this section
in the following sense: it is a named entity - cor-
responding to a subset a of elements of a certain
set S. The mentioned subset is called the attribute
holder set, and we say that v is an attribute on S
with base . If « consists of a single element, the
corresponding attribute is called trivial. We write
m € a(7y) to specify that m is an attribute holder
for 7. We require that v ¢ a(y) for any nontrivial
attribute.

As an example, form the My favorite locations”
subset of the Locations dimension of our sample
cube consisting of, say, New York and San Fran-
cisco. The members New York and San Fran-
cisco are attribute holders for “My favorite loca-
tions” attribute. In this example, S is a set of

for a join to return any subset of Q1 U Q2. However the
definition then becomes somewhat overloaded.



members of the Locations dimension, and the at-
tribute “My favorite locations” is a dimensional
attribute. In our model, a dimensional attribute
may be identified with some member of some di-
mension, not necessarily of the one on which it
is defined. We do not distinguish between an
attribute and the corresponding member unless
there is a potential for confusion.

The attributes are used for grouping the ele-
ments of a set for various purposes. There may
exist several different attributes whose attribute
holder sets coincide. For example, “My favorite
locations” holder set may be defined to consist
of San Francisco and Los Angeles, and “CA”
holder set would consist of exactly the same. At
the same time, dimensional attributes of two dif-
ferent grids may be identified, for instance, “My
favorite locations” may also be defined on a differ-
ent cube whose scheme possesses a Locations di-
mension as well, and include, say, Boston and Dal-
las. If the two cubes are joined, equivalences be-
tween the attributes help construct the attributes
of the join.

Dimensional attributes may also be defined
based on data, e.g. as dimensional metadata pro-
jection of a value-based selection in a cube. Ex-
amples of such attributes are dimensional com-
ponents of “Outstanding sales” and “Poor sales”
from the previous section.

An EMDS-1 model is an MDS model with di-
mensional attributes, i.e. with the additional
property that members of each dimension D; are
dimensional attributes. Since any member can be
considered as a trivial attribute, MDS is a partic-
ular case of EMDS-1.

A typical dimension D in EMDS-1 is con-
structed as follows. Start with some set of mem-
bers B called dimension base (orlevel 0of D).
Consider a dimensional attribute 7 associated
with an element of 28, i.e. with a set « C B
consisting of one or more elements of B. The el-
ements of the set a are attribute holders for ~.
We say that v is a level 1 attribute if it is non-
trivial. Let I' be the set of those level 1 attributes
~ that we chose to be members of the dimension
D. We also say that I" forms level 1 of D. Next
consider the set B’ = BUT. Repeat the previous
step, i.e. consider elements +/ of 25’ the set of
subsets of B’. We say that +/ is a level 2 attribute
if it is non-trivial and if its attribute holder set o
contains at least one level 1 attribute. The set T
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consisting of those level 2 attributes on B’ that
we chose to be members of D, forms level 2 of D.
Let B” = B’ UTY, and so on. The procedure just
described is referred to as the canonical bottom-up
construction.

As the result of the introduction of attributes,
the structure of each dimension D in EMDS-1
may be represented by means of a finite (directed)
graph G whose nodes correspond to members of
D and whose edges connect attributes to their
attribute holders (or vice versa, whichever is con-
venient). One says that the dimension has a hi-
erarchy, and G is referred to as the dimension’s
hierarchy graph. The base of the dimension may
also be defined as the set of members correspond-
ing to those nodes in G that do not have outgoing
edges. Thetop of the dimension is defined as the
set of members corresponding to those nodes that
do not have any incoming edges. In other words,
the top consists of those attributes which are not
attribute holders for any attribute. In the hierar-
chy terminology, if there is a path from one node
to another, the latter is called the descendant of
the former and the former is called the ascendant
(or ancestor) of the latter.

For practical purposes, it is undesirable to have
cycles in the hierarchy graph. Not only is there a
potential for the relevant algorithms to go into an
infinite loop, but also performance of these algo-
rithms usually significantly degrades. Therefore,
if G contains cycles (trivial attributes are not con-
sidered cycles), some procedure must be applied
to eliminate them. Such procedure is called reso-
lution of references. It amounts to a finite num-
ber of eliminations of some attribute holder from
the attribute holder set corresponding to an at-
tribute in a cycle, that is, removing an edge from
the graph G. It remains to determine which one
to remove. Here is one way to do it. Let the
set A = {y172...7x71} be a cyclical path in G, i.e.
7 € a(y2), v2 € a(3), -y Tk € a(71). Recall that
the members in a dimension are totally ordered.
Walk through the path A and remove the edge
between the pair(s) of nodes which does not fol-
low the mentioned total order (i.e. y; > ;, where
j=i+1ifi<kand j=1if i =k). The just
described resolution procedure is also known as
elimination of forward references.

Once the graph G contains no cycles, it induces
a partial order = on the members of the dimen-
sion D (a = b, if a is an ascendant of b). With



respect to this order, an attribute always follows
its holders (bottom-up order). This partial order
may be different from the above mentioned total
order. However there exists a total order on D
which is compatible with this partial order, i.e. if
two elements m; and mo are comparable in the
partial order and m; = ms with respect to this
order, then also m; > mg with respect to the to-
tal order. In other words, this compatible total
order is also a bottom up order. Such order can
be constructed, for instance, if, after resolution of
references, the members are enumerated within
levels starting from level 0 followed by level 1 and
so forth.

Observe that if a dimension is built by the
canonical bottom-up construction, then it auto-
matically has bottom up order, and we have the
following

Proposition 5.1 The bottom-up canonical pro-
cedure produces a graph with no cycles.

Note that the graph G is not the “canonical”
representation of the partial order it induces, be-
cause it may be redundant with respect to tran-
sitivity property; for instance, we can have m
€ a(y) and both m,y € «(y'), and transitiv-
ity is “ignored”. Minimal elements with respect
to this order correspond to the dimension base
members. All other members are nontrivial at-
tributes. There may be one or more maximal el-
ements which make up the dimension’s top.

Unless specifically mentioned, in what follows
we assume that cycles in the dimensional hierar-
chies have been resolved.

A dimension in EMDS-1 is stratified by levels
of its attributes. Also, the dimension is strati-
fied by generations. Generation 0 (top) consists of
maximal elements, generation 1 consists of their
attribute holders, generation 2 consists of those
attribute holders of the generation 1 attributes
which are not generation 1 attributes themselves,
and so on. In the graph terminology, here the
level of a node is defined as the maximal number
of edges needed to reach from it a node corre-
sponding to a minimal element, and generation of
a node is defined as the minimal number of edges
needed to reach it from a node corresponding to
a maximal element. The level-based stratification
adequately reflects the bottom-up canonical pro-
cedure of dimension building. Similarly, one can
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start from the maximal elements (canonical top-
down construction). Other stratifications as well
as other definitions of levels and generations are
also possible.

If stratification by generations produces the
same sets as stratification by levels, the hierarchy
is called balanced. Otherwise it is called ragged
or unbalanced. If there exists more than one path
from one node of the graph to another, the hi-
erarchy is called redundant (sometimes they say
that the dimension has multiple hierarchies). If
there exists a node with more than one incoming
edge, the hierarchy is called mized. Otherwise it
is called pure. Obviously, a redundant hierarchy
is mixed, but the converse is not necessarily true.
A hierarchy is called connected or disconnected if
such is its graph.

A hierarchy is called regular if it is pure, bal-
anced and connected (i.e. the graph is a tree).
Otherwise it is irreqular. In a regular hierarchy
the top consists of a single member.

To provide an example, we turn our sample
cube into an EMDS-1 cube. We structure the
dimensions as follows:

D, (“Time”) =

“Q17={“Jan”, “Feb”, “Mar”},

“Q27={“Apr”, “May”, “Jun’},

“Q3”={“Jul”, “Aug”, “Sep”},

“Q47={“Oct”, “Nov”, “Dec”},

“Year”={ “Q17, “Q2”, “Q3”, “Q4"}},

Dy (“Locations”) =

“NY”={ “New “York”},

“CA”={“San Francisco”, “Los Angeles”},

“Bast”={ “NY”, “NJ”},

“North”={ “MN"},

“South”={"TX"},

“West”={ “CA”, “OR”},

“My favorite locations”={ “New York”, “San Fran-
cisco”, “CA”, “South”},

“Regions”={ “East”, “North”, “West”, “South”}},
D3 (“Products”) =

“Soda”={ “Coke”, “Sprite”, “Pepsi”, “Diet Pepsi”,
“Diet Coke”},

“Beer”={ “Budweiser”, “Heineken”, “Guinness”},

“Diet”={ “DietPepsi”, “DietCoke”},

“All Products”={ “Soda”, “Beer”}},

D, (“Measures”) =

“Profit”={ “Sales”, “Expenses”},

“Profit%”={ “Profit”, “Sales”},

“Unats”,

“Taz”}.



The Time dimension’s hierarchy is regular.
The other dimensions in this example are irreg-
ular.

For instance, the Locations dimension has the
following stratifications:
level 0:  {“New York”, “NJ”, “MN”, “TX”, “San
Francisco”, “Los Angeles”, “OR”},
level 1: {“NY”, "CA”, “North”, “South”},
level 2: { “East”, “West”, “My favorite locations”},
level 3:  { “Regions”},
generation 0: { “Regions”, “My favorite locations”},
generation 1:  { “Fast”, “North”, “West”, “South”,
“New York”, “San Francisco”, “CA”},
generation 2: {“NY”, “NJ”, “MN”, “TX”, “Los An-
geles”, “OR”}.

Its hierarchy is ragged and redundant but is
not disconnected. The Products dimension’s hi-
erarchy is ragged and mixed but not redundant.
However if we include Diet into “All Products”
then the hierarchy would be redundant but not
ragged. The Measures dimension has a hierarchy
that is ragged, redundant and disconnected.

Denote by Ap the set of all non-trivial at-
tributes on the dimension D. For two cubes
C1 and (s, equivalent attributes on their com-
mon dimension D are simply identified (re-
call that we assume uniqueness of identifica-
tion by name). The set of such attributes
is Ep(C1,Cs) = Ap(C1) N Ap(Cs). For the at-
tributes which are not in Ep(Cy, Cy), we assume
for convenience of notation that they still have
an equivalent attribute in the other cube with an
empty attribute holder set.

With these conventions, the following rules ap-
ply to attributes:

al) if a restriction or selection operator is ap-
plied, each of the attribute holder sets in a
dimension is intersected with the projection
of the restriction or selection result onto that
dimension: a(p(C)) = a(C) Nm;(p(C));

a2) if a cube is deflated, to form the attribute
holder sets within a composite dimension D/,
take each of the dimensions D;,i € I, that
are being mapped to D', and produce Carte-
sian products of attribute holder sets in that

dimension with D\t

Ap(Mvr,7,w)(C)) =
Uier{a® DIV | ar € Ai(O)};
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a3) if a dimension D; is restored from a com-
posite dimension D’ in the process of infla-
tion, take the projections onto that dimen-
sion of the attribute holder sets in the com-
posite dimension from which that dimension
is restored, then remove those that projected
to the entire dimension:

Ai(p(vr,r,w)(C)) = {mi(a) | a € Ap};
a4) if a cube C} is brought within common con-
text with another cube C3 by means of a
product with a subset X C Q2/Q1, the at-
tributes of the product are inherited from

those of Cy and the attributes of X as a re-
striction of Cs;

if two cubes C7 and Cs have a common di-
mension D, for their union,
AD(Cl U Cg) = AD(Cl) U AD(CQ), and for
each attribute ~, the corresponding set
a(y) = a(y,C1)U a(y,C2). The union may
produce a cycle, so resolution of references
may be required;

ab)

a6) if the join operator is applied, use the above
rules to transform the attributes on each step
of the join definition algorithm, i.e. for the
product, the union of cubes, and then for the

selection.

Note that the deflation operation necessarily
produces a redundant hierarchy in the compos-
ite dimension D’ with the base and top being the
product of respectively bases and tops of the di-
mensions that are mapped to D'(which does not
hold for other levels and generations). Inflation
however removes the redundancies acquired in the
process of previous deflation.

Unions, intersections and other set operations
on the attribute sets may result in cycles within
the hierarchy graphs and hence may require reso-
lution of references.

Application of the above set of rules yields the
following

Proposition 5.2 With the above rules, the oper-
ator algebra on MDS extends as a closed algebra
to EMDS-1.

The attributes and their holder sets are des-
ignated for two main purposes: classification of



metadata and derivation of data values. The for-
mer allows to navigate the cube and manipulate
its views, the latter is used to produce values for
cells corresponding to attributes from the values
of their attribute holders. Attribute holder sets
are also used as predefined subsets for restrictions.

Recall that we have been identifying the at-
tribute and the dimension member to which it
is associated. We now allow two attributes with
possibly different holder sets to be associated with
a dimension member if they serve different pur-
poses, one - to navigate, the other - to derive
values. If both holder sets coincide, the corre-
sponding member is called regular attribute mem-
ber, otherwise it is irreqular.

The main difference between classification and
derived data attributes is that the first type does
not need to have any associated values, and even
if there is a value, it is not necessarily a function
of the attribute holders’ values. Some relevant
examples will be provided later.

On EMDS-1, two navigation operators can be
defined in the following way. Associate with each
dimensional attribute a boolean property called
Expanded. The property controls the presenta-
tion of the cube data to the user by hiding all
those attribute holders (members or cells) whose
attribute has Fxpanded = false. It allows to
view the data in the cube with more or less de-
tail.

The zoom-out (roll-up) operator Z~ is the one
that, given a set of attributes, assigns the value
false to the Ezxpanded property of these at-
tributes and their descendants (hides holders of
these attributes and their descendants).

The zoom-in (drill-down) operator Z* is the
one that, given a set of attributes, assigns the
value true to their Expanded property (shows
holders of these attributes).

Obviously, the two operators do not change the
grid structure of the entire cube. They are naviga-
tional operators of purely presentational nature.
In what follows, we assume that cycles in the hier-
archies have been resolved, possibly by means of
ordering. Otherwise implementation of the zoom-
ing operators may go into an infinite loop. Con-
densed or detailed views help achieve classifica-
tion of data so that an analyst is provided with
navigational means. However what values (sum-
maries) he can expect to find in the cells is deter-
mined by computational dependencies.
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Separation of navigational and computational
properties of the attributes adds flexibility to the
traditional approach and simplifies it.

Returning to our model example, we can de-
clare “My favorite locations’ a classification at-
tribute and at the same time declare it a derived
value attribute, for instance, by providing a for-
mula

“My favorite locations”
“New York” + “San Francisco” -+ South.

In the above formula we do not specify the mem-
bers of all the other dimensions that would fully
qualify the cells, which means that the formula
holds for all combinations of these members ap-
plied simultaneously to each term, i.e.

V(t, “My favorite locations”,p,m) =
V(t,“New York”,p,m) +
V(t, “San Francisco”,p,m) +
V (t, South,p,m),
vVt € Time,p € Product,m € Measures.

Of course, the way to derive values does not nec-
essarily have to be a sum. We leave until a later
time the question how exactly the derived values
for attributes are obtained from attribute holder
values. In any case, a computational attribute
must be provided together with a way to derive
its value, for instance, some formula.

To illustrate the fact that attribute relations
in an EMDS-1 model may be quite sophisticated,
consider a more tricky example when a classifica-
tion attribute’s value is used to derive values of
its holders, so that each of its holders is a derived
value attribute for which the initial attribute is a
holder. An example would be allocation of total
budget value down to particular locations. Note
that none of the cases creates a cycle in the hier-
archy graph because, although the member is the
same, the two corresponding attributes are differ-
ent since they have different nature.

To simplify the structure of the hierarchy
graph, we may consider two different graphs for
each dimension, the classification (navigation)
graph G and the computational dependency
graph G@. However, if there are regular mem-
bers, the information in these graphs is necessarily
redundant, so it is left up to the database designer
whether to combine these attributes. In many



known implementations, the graph G@ is con-
structed by the OLAP provider implicitly based
on the given set of formulas. For instance, in the
Measures dimension of our sample cube, we could
have provided formulas like Profit = Sales —
Expenses, Profit% 100 x Profit / Sales
instead of explicitly specifying attribute holder
groups.

5.1 Further extensions of the model

Here we define EMDS-2, EMDS-3 and our final
model, OLAP model.

Let v be a dimensional attribute for a dimen-
sion D; in a cube and let n € DS\t, We say that
(v,7m) is a partial attribute if the attribute v is
only valid within D; ® n. The set 7 is called the
definition domain of the partial attribute. Every
dimensional attribute may be considered as par-
tial with n = DS\, We require that if (y,7;) and
(77, m2) are partial attributes and 1 N7 # 0, then
m = 12. A dimensional attribute + is said to have
global scope for its cube if there exists a partition
DS\ — Ujn; by pairwise disjoint sets such that
for every j, the pair (v,7;) is a partial attribute
on D;. Otherwise it is said to have local scope and
the cube itself is said to be ragged. Obviously
usual dimensional attributes have global scope.

As an illustration when partial attributes may
be needed, add to our sample cube’s Measures di-
mension a level 0 member “Customer preference”
reflecting customer votes taken for each level of
members of Products. Votes for level 1 attributes,
say, for Soda vs Beer, can not be derived from
votes on their attribute holder level, because some
customers may prefer sodas to beers in general
but accidentally like most Heineken beer. So for
n = Time® Locations® “Customer preference”,
the attributes Soda, and Beer serve as classifica-
tion attributes of level 1 but are trivial input level
computational attributes. At the same time, with
respect to the complement of 1, summing up val-
ues of their attribute holders to derive their val-
ues makes sense3. Hence Soda and Beer would be
partial attributes with global scope.

Partial attributes are used not only for compu-
tational purposes. We may declare “My favorite
locations” as a local scope attribute, valid for the

3The way to derive the value for Profit% for level 1 mem-
bers is diferent from summation. This case is discussed in
more detail later on.
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West slice and consisting there of “San Francisco”
and “Los Angeles” and valid for the Fast slice and
consisting there of “New York”.

Yet another example is hierarchy order changes
for different regions. For instance, suppose for the
West region, Profit% is derived from Profit and
Sales values, and hence Profit is a descendant of
Profit% in the hierarchy, but for the Fast region
Profit’s value is derived from Profit% and Sales
values, so there Profit% is a descendant of Profit.
That justifies the use of partial attributes.

Note that since the definition domains of par-
tial attributes are pairwise disjoint, no cycles ap-
pear in the hierarchy graph.

The rules al) — a6) require certain modifica-
tions for partial attributes:

bl) if a restriction or selection operator is ap-
plied, each of the partial attribute’s holder
sets in a dimension is intersected with the
projection of the restriction or selection re-
sult onto that dimension: a(p(C)) = a(C) N
mi(p(C)). The definition domain is inter-
sected with projection onto the rest of the
dimensions: 7 N 7g\;(p(C)). If this intersec-
tion is empty, the attribute is eliminated;

b2) if a cube is deflated, to form the partial
attribute’s holder sets within a composite
dimension D/, take each of the dimensions
D;,i € I, that are being mapped to D',
and produce Cartesian products of attribute
holder sets in that dimension with the projec-

tion of the corresponding deflation of 1 onto
DI\i,

Ap(A(vr,7,w)(C))
Uierfa @ mpi(A(n)) | v € Ai(C) -

The definition domain is the projection of the
deflation of n onto the rest of the dimensions;

b3) if a dimension D; is restored from a com-
posite dimension D’ in the process of infla-
tion, take the projections onto that dimen-
sion of the attribute holder sets in the com-
posite dimension from which that dimension
is restored, then remove those that projected
to the entire dimension:

Ai(u(vr,g,w)(C)) = {mi(e) | a € Ap'}.

The definition domain is the corresponding
inflation of n;



b4) if a cube C} is brought within common con-
text with another cube C5 by means of a
product with a subset X C @2/Q1, the par-
tial attributes of the product are inherited
from those of C'; and the partial attributes
of X as a restriction of Cy. The definition
domains are formed as products n ® X and
1N ® @1 respectively;

if two cubes C7 and Cy have a common di-
mension D, for their union,
.AD(Cl U Cg) = AD(Cl) U AD(CQ), and for
each partial attribute 7, the corresponding
set a(y) a(v,C)U a(y,Ca). If  defini-
tion domains of v in C7 and Cy overlap but
do not coincide, further partition them to
produce pairwise disjoint definition domains.
The union may produce a cycle, so resolution
of references may be required;

b5)

b6) if the join operator is applied, use the above
rules to transform the partial attributes on
each step of the join definition algorithm, i.e.
for the product, the union of cubes, and then

for the selection.

An EMDS-2 model is an EMDS-1 model with
partial attributes, i.e. with the additional prop-
erty that each attribute multiindex has a defini-
tion domain. Since any dimensional attribute is
a partial attribute, EMDS-1 becomes a particular
case of EMDS-2.

The rules b1)-b6) imply the following

Proposition 5.3 With the above rules, the oper-
ator algebra on EMDS-1 extends as a closed alge-
bra to EMDS-2.

We now add the next layer to EMDS-2.

Start with some notions. Let I be a mul-
tiilndex. A general (spatial) attribute § is a
named entity corresponding to a subset G of
D! called the attribute holder set or domain.
When I = {i}, a general attribute becomes a
dimensional (possibly partial) attribute. Gen-
eral attributes can be added as members to
cubes with composite dimensions whose map in-
cludes Dj. As an example, consider the domain
“Diet products at my favorite locations”
Diet @ “My favorite locations”, where Diet is
a dimensional attribute associated with the set
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{Diet Pepsi,Diet Coke} and “My favorite loca-
tions” is defined as above.

An EMDS-8 model is an EMDS-2 model with
general attributes, i.e. with the additional prop-
erty that for each multiindex I there exists one
or more general attributes. Since dimensional at-
tributes are a particular case of general attributes,
EMDS-2 becomes a particular case of EMDS-3.

The six above rules of dealing with the at-
tribute holder sets may be modified to deal with
attribute domains by replacing the index ¢ with
a multiindex I. Details are left to the reader.
Thus one concludes that the operator algebra on
EMDS-2 extends as a closed algebra to EMDS-3.

To see why spatial attributes are important,
consider the problem of calculation order. Sup-
pose we have computational dimensional at-
tributes on some dimensions. The simplest possi-
ble scenario of computations of derived values is
aggregation of data from attribute holders to their
attribute. The elementary aggregation functions,
such as SUM, MIN, MAX, COUNT, AVERAGE,
etc., are commutative, so that the order of com-
putations does not make a difference, otherwise
one needs to determine the order in which the cell
data values are computed. This problem can be
resolved by using the dimension order (so results
may change with dicing!) or an additional order
indicator.

In terms of the dependency graphs the calcula-
tion order problem can be described as follows. In
order to compute all the derived values in a cube
C (or in its subcube), we need to form the product
G (C) of all the dimensional dependency graphs
G (D;) which is necessarily redundant. The re-
dundancy property would make the model non-
summarizable since then such aggregation func-
tions as SUM, COUNT, AVERAGE would pro-
duce incorrect results due to double counting
(note that functions like MIN and MAX are ap-
plicable even to redundant graphs). So we need to
remove some of the edges in G(@(C) acquired in
the process of taking products of G(@ (D;). Deter-
mining which ones to remove means exactly the
establishment of the calculation order. If the ag-
gregation functions are not commutative or the
data is non-numeric, this removal must be per-
formed very carefully to produce the desired re-
sults.

Another problem arises if dimensions are built
not by the canonical procedure but through pro-



viding formulas for computation of derived val-
ues. It may happen then, that the graph G(?(C)
would have cycles. In order for our computations
not to enter an infinite loop, cycles need to be
eliminated. There are many ways to resolve refer-
ences, and this is a problem that every OLAP
provider needs to face. Some of the providers
avoid this problem by allowing formulas only on
one dimension but such approach definitely re-
duces the model application domain. The times
when elementary aggregation functions have been
sufficient for most applications seem to be gone.
Contemporary analytic problems require complex
statistical analysis, curve fitting, stochastic pro-
cess simulations, optimization, data mining, etc.,
which makes the dependency graphs highly so-
phisticated. Hence OLAP vendors should be
ready to handle the compexity of the analytic ap-
plications domain.

To complete our definition of the OLAP model,
which is based on EMDS-3, it remains to define
one more operator - aggregation A- which acts
on a cube or its subset by computing the values
of those cells which correspond to derived data
attributes. Obviously, the aggregation operator
does not change the cube’s metadata. The way
to derive data values is not necessarily dimension
based, i.e. formulas may involve slices of different
dimensionality. In order to perform aggregation,
cycles and redundancies in G(9(C) have to be
dealt with. It is up to the OLAP provider whether
to perform aggregation for the whole cube before
issuing any queries, perform aggregation on the
result of the corresponding restriction, combine
both ways or do nothing unless specifically in-
structed.

5.2 OLAP model summary

The multidimensional database (OLAP) model is
an extension of the multidimensional data set by
means of structuring metadata and forming com-
putational dependency graphs. The operator al-
gebra on MDS is extended as a closed algebra
to the OLAP model and, additionally, zooming
and aggregation operators are defined. Within
this model, a query interested in any subset of
the cube can be satisfied, and maximum possible
dimensionality of the query result is maintained.
The first property means that our model is at least
as complete as the relational model (with fact ta-
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bles). The second one ensures that it is suitable
for analysis of multidimensional data.

6 Comparisons to other models

In this section we compare the suggested model to
the ones in [AGS95], [LW96], [PJ99] and [GL96).
Some comparison of these models has been done
in [PJ99], however that comparison was from a
different perspective.

[AGS95] suggests a model in which a cube con-
sists of k dimensions, and each cell contains an
n-tuple of values. This closely corresponds to the
FTR-2 relational approach. In our interpreta-
tion this can be modeled as a (k + 1)-grid with
a measures dimension of size n. The suggested
operators in our terminology are dimensional re-
striction and various joins. Data-based restric-
tion (selection) is introduced by discretization of
the value domain, then making it into another
dimension and applying dimensional restriction.
Non-grid sets are augmented with empty cells to
produce grids. Any other operation is described
as a join (either a self-join or a join of two cubes),
but is essentially dimensional, not general. Meta-
data is not structured. The model was designed
to closely follow the relational model.

[LW96] suggests another extension of the rela-
tional algebra based on a grid with “groupings”.
Groupings are either ordered subsets of a dimen-
sion or ordered sets of cells in dimensional slices
(i.e. products of a subset of one dimension against
the rest). They provide means for dimensional re-
strictions. An aggregation operation on a set of
cells with values is then defined as producing an-
other group of cells with aggregated values along
one dimension. An operation is defined to transfer
a member from one dimension to another which
means (in our terms) that a kind of composite di-
mension is created, but it is complemented to a
grid with NULL values for the additional cells.
Union is defined for cubes which have the same
dimensional projections except for one dimension
in which projections do not intersect. Other op-
erations are defined that basically convert a cube
into FT-1 and vice versa. The model essentially
operates on cells so it follows the relational al-
gebra very closely and takes little advantage of
dimensionality.

[PJ99] considers a particular application do-
main which deals with data of both multidimen-



sional and one-dimensional nature which is put
together into one single multidimensional object
(MO). A MO consists of n dimensions and data
(facts). The model space is a n-grid but “du-
plicate values” are allowed. Each dimension has
a hierarchy of levels and data is bound to levels
via a set of relations. Hence the MO essentially
reflects a well-known relational snowflake schema
consisting of a fact table and dimension level ta-
bles. An additional feature added to the model
is that some of the records may have a validity
period stamp. Another layer is a numerical prop-
erty of time chronons interpreted as probability.
These layers are orthogonal to the multidimen-
sional structure of the data. The operators de-
fined on MO correspond to level based restric-
tions, sections of the model that produce dupli-
cate values. Set operations on the facts without
changing the grid are allowed as well as a close
analog of the relational join that also produces
duplicate values. An aggregation operator is also
defined based on grouping by levels.

[GL96] defines a n—dimensional table (MDD)
as a set of dimensions, measures and partitions
(subsets of a dimension). The model space is the
product of the dimensions, and each cell contains
a tuple of measures. The tuple may be augmented
to required size by adding NULLs. This is used
to prove that the model is equivalent to FTR-
2. Every operation on the model is performed
by converting the MDD table to the correspond-
ing FTR-2, performing a relational algebra oper-
ator there and converting the obtained fact table
back to the MDD. Additionally, restructuring op-
erators are defined which are similar to deflation
and inflation of a grid. Finally, classification and
summarization operators are defined which help
express certain kinds of computations of derived
values.

6.1 Summary

None of the mentioned models takes full advan-
tage of the multidimensional structure of the data
and as a result either considers a cube as a set of
cells or slices it by members of one dimension.
The former means that the corresponding mod-
els are equivalent to our model in the sense of
completeness but lose the advantages of the mul-
tidimensional approach (reduction of descriptive
parameters) whereas the latter means restricted
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expressive power of the queries and hence incom-
pleteness with respect to our model.

The OLAP model suggested in this note pos-
sesses the folowing features:

e it is at least as complete as the relational
model restricted to fact tables;

it preserves the multidimensional structure of
the data;

it carries an expressive and closed operator
algebra;

it features structured metadata with distinc-
tion of computational and navigational at-
tributes;

it provides the basis for resolving computa-
tional dependencies in the process of data
analysis.

7
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8 Appendix: Non-grid models

A grid is a convenient placeholder for the multi-
dimensional data because of its homogeneity and
isotropy properties. However in many cases the
grid is very sparsely populated because either not
all of the member combinations make sense or
not all data is available. In the case of the for-
mer, it sometimes makes sense to use other (non-
cube) shapes in modeling. For instance, con-
sider a currency exchange database with the di-
mension Measures = {Bid, Ask} and two dimen-
sions Currencyl and Currency2 consisting of sim-
ilar members like USD, GBP, HFI, etc. Within
Currencyl ® Currency2 we may only need one
half of the space to record the exchange rates.
Therefore a “prism” would perhaps be a more ap-
propriate model than a cube.
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The way to visualize metadata and data in
space is especially important when modeling the
Time dimension in a multidimensional setting.

8.1 Time dimension modeling

We briefly describe a possible approach to han-
dling the Time dimension or any other dimen-
sion with periodic attributes. Periodicity assumes
some metric properties associated with the mem-
bers of the dimension which allows to introduce
some sort of distance with respect to which at-
tributes become evenly distributed. For instance,
minutes tend to occur every 60 seconds, hours -
every 60 minutes, days - every 24 hours, quarters
- every 3 months, years - every 4 quarters, and so
on.

When we measure time, we usually use some
round clock with periodically moving clock hands.
This motivates the possibility of different visual-
ization of time. Once we acquired the ability to
look at things multidimensionally, nothing pre-
vents us from taking the advantage of the flexi-
bility such a view provides. We usually visualize
multidimensional objects as cubes because they
are simple. A cube is a shape we get as a result of
the Cartesian product of line segments. But why
restrict oneself to line segments? One might as
well take a product of a circle and a segment to
obtain a cylinder.

Figure 7: Cylinder as a product

For our Time dimension, we let the years
go along the segment and let the quarters and
months go along the circle.

The way to traverse the time cylinder is a spiral
curve which provides linearization and hence time
continuity. Periodicity breaks on the month level
since months have a different number of days.
However, if we want to further decompose days
into periodic entities like hours, one has to imag-
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Figure 8: The Time cylinder
ine that what goes around the cylinder it is not a
simple line but a spiral. Details and implementa-
tions of this approach are left to the reader.

Figure 9: Time dimension traversal
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